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The fate of a Universe driven by a linear potential 
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We study the fate of our Universe assuming that the present accelerated stage is due to a scalar 
held in a linear potential. Such a Universe would bounce and collapse in the future. We solve 
numerically and analytically the equations of motion for the scalar held and the scale factor. In 
particular, we relate the duration of the accelerated stage, the bounce and the collapse with the 
mass of the held and, thus, with the current value of equation of state w. We obtain an expression 
which predicts the age of the Universe for a given ui + 1. The present constraints on w imply that 
the Universe will not collapse in the next 56 billion years. Moreover, a cosmological solution to the 
coincidence problem favors a signihcant deviation of w from —1 such that the Universe collapses in 
the not too distant future. 


I. INTRODUCTION 

The Cosmological Constant (CC) problem [THl] is a 
shadow in modern Physics. Such a discrepancy between 
predictions and observations has been, in the history of 
Science, a sign of a paradigmatic change of our under¬ 
standing of the Universe. It has been tackled in the last 
decades in several different ways, all of them with a com¬ 
mon negative outcome (see for a recent review). Nev¬ 
ertheless, given the relevance of the problem one should 
keep an open mind for new proposals like the recent one 
dubbed vacuum energy sequestering mechanism (VES) 

013. 

Here we address the new version of the problem known 
as the coincidence problem. It consists on the coinci¬ 
dence between the epoch we live in and the beginning of 
an epoch where the Universe is dominated by what looks 
like a CC. Although the present data is consistent with a 
pure CC {w = — 1.019lo;ggQ (95% CL) [8]) there are sev¬ 
eral different ways to drive the present accelerated stage 
[S]. One of the most interesting alternative ideas relies 
on a scalar (quintessence) field slowly-rolling its poten¬ 
tial until the present time, when it starts dominating the 
energy content of the Universe driving a period of ac¬ 
celerated expansion uni (see also m for a more recent 
analysis). 

In particular, a subclass of these quintessence models 
has received much attention due to its technical natu¬ 
ralness which protects a small mass for the field [HHH, 
needed to explain the observations. That subclass con¬ 
sists of scenarios where the scalar held has a shift sym- 
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metry only broken by non-perturbative effects. Specihc 
realizations include cosine but also some monomial po¬ 
tentials pAtiTT] for the held. Here we will focus on the 
simple case of a linear potential. The use of a linear 
potential to explain the current dark energy stage has 
been a recurrent idea in the literature [T 8 H 23 . Apart 
from the virtues mentioned above, the case of the linear 
potential is also appealing because its dynamics is quite 
insensitive to the initial conditions. A light held is es¬ 
sentially frozen in its potential, dynamically this stage is 
quickly achieved independently of the initial conditions, 
until it dominates the energy content of the Universe and 
drives a period of accelerated expansion. However, this 
period does not last forever. At some point in the future 
the slow-roll conditions are broken and the dark energy 
stage ends. At that time, the held quickly rolls down its 
potential to negative values such that the energy density 
of the Universe goes to zero, the Universe bounces and a 
collapsing stage starts dominated by the kinetic energy of 
the held [50]. In this work we perform a detailed analyt¬ 
ical and numerical analysis of the dynamics. We discuss 
the coincidence problem in this context by establishing 
a relation between the total age of the Universe and the 
value of the equation of state w today. A future obser¬ 
vation of w > — 1 would then indicate the time until the 
doomsday. 


The paper is organized as follows. In section [IT] we 
study the dynamics of a linear potential in an expanding 
Universe. We solve numerically and analytically the 3 
relevant stages: matter domination, accelerated expan¬ 
sion and the collapse. Then, assuming that the linear 
potential drives the present stage of acceleration we de¬ 
rive relations between the equation of state and the time 
until the collapse. In section HI we conclude. 


We assume a FRW metric in cosmic time (t) with a 
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small positive curvature (fc) which will not play any im¬ 
portant role in the dynamics. 


II. LINEAR POTENTIAL AND DARK ENERGY 
A. Dynamics 

We consider a scalar field (j) with a linear potential 

¥{(!))= (I) 

where m is the mass of the field. The equation of motion 
for a homogeneous scalar field in a linear potential is 
given by 


4) + 3H4) + m^ =0, (2) 

where H = a/a is the Hubble rate, a is the scale factor 
and the dot means a derivative with respect to cosmic 
time. 


1. Radiation/Matter stage 


We start the analysis at a period where the Universe 
is dominated by some perfect fluid with equation of state 
w, hence, the scale factor evolves in time as a = ao(t/to)^ 
where p = 2/(3(l -I- w)) > 1/3. For such a background 
evolution the scalar field behaves as 


— Cl + 


C2 

(1 — 'ip)t'^P-t 


2(3p + l)’ 


(3) 


where Ci,C 2 are two integration constants. For reason¬ 
able initial conditions one expects the second term in the 
right hand side to be diluted and so, at sufficient late 
times, we effectively have 


^ 


2(3pTl)' 


(4) 


As one would expect, if the field is light, H = p/t ^ m, 
the second term on the rhs of Eq. Q is small and so the 
field remains effectively frozen in its potential. Even for 
masses close to the maximal value allowed by observa¬ 
tions the value of (p today would only differ ~ 17% from 
pi- 


2. Accelerated stage 

While the Universe expands, H decreases and we reach 
a time at which p dominates the energy content of the 
Universe: ptotai = ^ p<i> ^ art’pi. E p > 0 the 

field drives a period of accelerated expansion. Depending 
on the mass of the field, this period can be well described 
by the slow-roll approximation which requires the slow- 
roll parameters e = p'^/{2H'^Mp) and <5 = p/{Hp) to be 


<C 1 (in absolute value). The slow-roll condition for e 
requires: 

f mHuE Y 4 1 

Up+lj 

where Mp is the reduced Planck mass. On the other 
hand, the condition for S is 

(T^DEtDE)”^ ^ 1- (6) 


If these conditions are satisfied then the dynamics of p is 
no longer given by Eq. 0. Instead, using the slow-roll 
approximation to neglect the second derivative of p in 
Eq. § and assuming ptotai = rnPpi, we have 


Pit) ~ 


a3/2 






(t — tDE)AIp 


2/3 


(7) 


The accelerated period will end at a time tg when the 
slow-roll conditions are violated e(ts) ~ I. Using Eq. Q 
we can estimate the duration of the accelerated stage to 
be 


ts — toE = 


2 

VSm/Mp 




( 8 ) 


Note that this analysis is only valid if pi > Mp/i/2. This 
can be seen as a consistency condition to have slow-roll 
in the first place. 

For times close to the present time (tg) then H~^ ~ 
t and the first slow-roll condition (e) requires mP <§; 

On the other hand the second slow-roll parame¬ 
ter (6) is never ^ 1 around the present epoch. Therefore, 
the dynamics is only accurately described by slow-roll at 
a time Ide > ^o- In particular, for the largest masses 
allowed by the observations, the slow-roll condition for S 
is never strictly satisfied, even at late times. Neverthe¬ 
less, we will assume the slow-roll to be is valid as long as 
e, <5 < 1 (which is typically satisfied even before today). 
Naturally, this assumption will insert a mild error in the 
analytical results when comparing to the numerical re¬ 
sults. In particular, the fact that the slow-roll conditions 
are not strictly satisfied today implies an error in estimat¬ 
ing p{to) which, as we will explain in more detail later, 
affects the computation of the equation of state w(to)- 

The initial condition for p is not a free parameter if 
we want to explain the present period of acceleration. In 
that cas43 


pim^ = UdePo, (9) 

where po = SH^Mp is the energy density today and 
Ude — 0.69 [5] is the dark energy density parameter 
today. 


^ To be more precise <pim^ l2 = f^DEpO- However, in the cases 
allowed by observations this should give a small correction. 
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FIG. 1. The total energy density of the Universe (black), the 
energy density in matter (blue) and the energy density in the 
field (j) (red, dashed is analytical) from an early time until the 
collapse. We choose m® = 0.538 H^Mp {w = 0.01), Ude = 
0.69 and no curvature. The energy densities are normalized 
by po and the times by to- In green and purple is plotted the 
slow-roll parameters e and 5, respectively. 


In Fig. ([^ we show the dynamics of the Universe de¬ 
scribed in the previous paragraphs containing only mat¬ 
ter and a scalar held {(j)). We hxed (j)i = through Eq. 
^ and choose = 0.538 HqMp (m -|- 1 = 0.01). The 
value of ^ is hxed by assuming that Eq. (|^ is satished 
well inside the matter dominated era. We can verify that 
the analytical solution for (j) in Eq. ([^ is accurate until 
the time the slow-roll conditions are violated. Moreover, 
for such a value of the mass Eq. ([^ predicts the duration 
of the dark energy stage to be ts — toE — 11-5 which 
is in reasonable agreement with the numerical result of 
12.9to- The diherence corresponds to small deviations 
between (pi and ())(tDE), and the fact that our conditions 
for slow-roll requirements are not exact. We verihed that 
the error decreases for small masses while for the largest 
masses compatible with observations (w-|-l ~ 0.1), where 
the slow-roll is never strictly achieved, the error is ~ 50%. 


3. Bounce and collapse 

At the time the slow-roll conditions are violated the 
field starts rolling down the potential until it reaches a 
point where (p < 0 and + v = 0. Thus, the total 
energy of the Universe goes to zero {H —^ 0) and a bounce 
occurs. The influence of other components like matter, 
radiation or curvature is, at this point, very much diluted 
and so it will no interfere in the dynamics. 

During this particular time window, since the slow-roll 


condition is violated (tg) until the bounce (tb), it is diffi¬ 
cult to have an analytical understanding of the dynamics. 
However, we can still get an analytical insight by noting 
that the kinetic K(p) energy of (p is the dominant con¬ 
tribution for most of the time. Therefore, the equation 
of motion for p will be approximately given by 


p + 



+ = 0 . 


( 10 ) 


As (p < 0 the solution for this equation, after matching 
with Eq. Q at tg, yields 


<P{i) 

Mp 


J_ log (1(3 + ^)) 



X 


X log l^cosh j^6(t — ts) -I-arctanh ^3 (U) 


where h = {3/2)^^^ ^/mAJMp, while p is given by 


p{t) = — Y^6Mptanh b{t — tg) + arccoth (12) 


The previ ous equation saturates before the bounce to 
p{t) ~ — a/2/3 bMp. The bounce itself will happen when 
rrp'p + p"^/2 = 0. Using the saturated value for p we get 
p{tb) — —Mp/\/ 6 . Then, by inserting this result into Eq. 
0 we hnd the time between tg and tb to be 


4 - tg ~ 1.34 



(13) 


When H = 0 the acceleration is negative so the Universe 
starts to collapse dominated again by the kinetic energy 
of p, in order to keep ptotai > 0i while the held continues 
to roll down the potential. Thus, for t > tb the equation 
of motion for p becomes 


3 0 |(/| 
2 


-I- = 0, 


(14) 


which is similar to Eq. (10) apart from the fact that 


H < 0 during the collapse. As \p\ = —p the solution for 
p is now given by 


(P{t) 



bMp tan 




(15) 


where tf is an integration constant. Note that the solu¬ 
tion is only valid for 0 < b{tf—t) < 7r/2. When t—tf = 0, 
p diverges. This divergence corresponds to the collapse 
of the Universe as we can verify by solving the Eriedmann 
equation for the scale factor 


a{t) = Ci cos (j){t - tf) + 


7r\ 11/3 
2/1 


(16) 


where C 4 is another integration constant. When t — tf^ 
0 the scale factor tends to zero. Therefore, we can iden¬ 
tify tf with the total age of the Universe. Close to tf 
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FIG. 2. The total energy density of the Universe (black) and 
the kinetic K{(l>) (red) and potential (blue) energy of (j> 

for = 0.538 HqMp {w = 0.01). The blue dashed line uses 
the analytical approximation for 0 before the bounce Eq. 0 
while the the red dashed line us es the analytical solution for 
0 during the collapse Eq. (18l. The energy densities are 
normalized by po- 


15.82lo while the collapse happens at tf ~ 17.07to- In 
the region before the bounce we can verify that Eq. 0 
is a reasonable approximation for (/) by comparing the 
blue lines. Our expression is fully analytical and therefore 
uses the analytical approximations for (j) and (/) computed 
at the end of slow-roll. That introduces a small error in 
this approximation. In Eq. (13) we estimated the time 
window from to tf, as a function of the mass of the 
field. For the mass used here it yields tf, — tg = 1.91 to 
which is close to the numerical value of 2.17to. 

Regarding the collapsing stage, the total energy in the 
collapse is basically given by the kinetic energy of 4 >, as 
expected. Furthermo re, we can verify that the solution 
for ^ obtained in Eq. ([^ ) is a good approximation during 
the collapse. Using Eq. (19) we estimate t/ —tf, = 1.29to 
which is in very good agreement with the numerical value 
of 1.25 to. 


We verified for other values of the mass that our an¬ 
alytical estimations for t/ — tf, is accurate with an error 
< 3% while the estimation of tf, — tg is also good with an 
error < 15%. Moreover, we have also checked that the 
addition of curvature consistent with observations does 
not affect the dynamics. 


B. Predictions 


the solutions can be expanded to leading order m. tf — t 
giving 

= ™ 

where we have fixed C 4 = ab/{b{tf — tf,))^/^, and 


The previous analysis allowed us to derived relations 
between the mass of the field, the duration of the accel¬ 
erated stage, the bounce and the collapse. Recall that we 
assumed Ide to be the time at which the slow-roll param¬ 
eters are < 1 and so Ide < to- For the range of masses 
analyzed ^de — 0.72to- Therefore, using Eqs. (13) 
and (19) we can write the total age of the Universe only 
as a function of the mass of the field as 


2 M, 


p 


3tf-t 


(18) 





+ 0.72io. 


( 20 ) 


These results are in agreement with what we would 
expect from a Universe dominated by a kinetic stage 
(w ~ 1) [20]. The final relevant quantity left to determine 
is the total age of the Universe tf. In order to compute 
it we match Eqs. (12) and ( flSj) a t the bounce. Using the 
saturated value for ([> in EqTl^ we simply get 


tf -tb~b ^ 



(19) 


It is now interesting and useful to rewrite these relations 
in terms of the observed equation of state parameter w. 
Recall that the equation of state is measured by obser¬ 
vations to be very close to a pure CC: w = —1.019^Q;ggg 
(95% CL) jSj. In order to make predictions of what a 
given value of w would tell us about the fate of the Uni¬ 
verse we use the fact that during the dark energy stage 


m) - v{^) . 

K{4>) + v{4>) %( 0 ) ■ 


( 21 ) 


In sum, both time windows, from the end of the dark 
energy stage to the bounce and from the bounce to the 
collapse are 0 {^Mp/m^). 

In Fig. we present the dynamics of the Universe, 
with the same conditions as in Fig. ([^, zoomed in the 
region from the end of the dark energy stage (tg) to the 
complete collapse {tf), where the energy density diverges. 
For the set of parameters chosen, the slow-roll conditions 
are violated at tg ~ 13.64 tg, the bounce occurs at tb ~ 


Therefore, using the slow-roll conditions, the equation of 
state today is given by 


3(()f dUoEPg ’ 


( 22 ) 


where we have used Eqs. 0 and 0- However, as we 
explained in the previous section, the present epoch is a 
transient regime where slow-roll is not a very accurate 
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FIG. 3. The coincidence problem, defined as the ratio be¬ 
tween the total age of the Universe over the time the Universe 
has been accelerating so far, as a function of the equation of 
state today. The blue line is the analytical result while the 
black is the numerical. 


approximation. Both Eq. Q and Eq. Q overestimate 
4>{to)- A possible improvement would be to solve the 
equations assuming a Universe dominated by CC and 
matter until today and then solve the equation for the 
scalar field in such background. We take a more sim¬ 
plistic approach by noting that the previous expression 
overestimates the value of ui -I- 1 by a factor of 7 ~ 1.5. 
This is true for a wide range of w-l-l, which again suggests 
that an analytical improvement might be easily achieved. 
In what follows we take this factor 7 into consideration. 
Therefore, combining Eqs. (20 1 and (22) gives 


tf 


Ho{w + 1)7 


2 

9 


0.68 


n 


5/4 

DE 


^ ^) 3/4 


+ 0.72to. 


(23) 

For re -|- 1 <C 1 the age of the Universe is inversely pro¬ 
portional to w -|-1. The present observational constraint 
of re -I- 1 < 0(0.1) implies that the collapse of the Uni¬ 
verse, an so the doomsday, will not happen in the next 56 
billion years. The previous equation underestimates the 
age of the Universe for large masses with a maximal error 
of 16% which decreases for small masses, as explained in 
the previous section. 

We are now in position to properly analyze the co¬ 
incidence problem in the context of the linear potential 
driving dark energy. The fact that the linear potential 
triggers a collapse of the Universe ameliorates per se the 
coincidence problem as the Universe is no longer eternal. 
We can quantify this improvement by defining the ratio 
between the time elapsed since the Universe started ac¬ 
celerating (tacei) until today, with the total age of the 
Universe 


/=*° _(24) 

tf 


In the range of ic -I- 1 considered to — tacei — 0.45 to al¬ 
though the precise value varies with the mass of the field. 
In Fig. @ we present this quantity evaluated both an¬ 
alytically, through Eq. (23), and numerically. The nu¬ 
merical results are in agreement with those ones obtained 
in [20j . Our numerical expression is very accurate for 
small masses although it underestimates the age of the 
Universe for larger masses. In the context of the coin¬ 
cidence problem these results show that a valid solution 
requires a dynamical field with an equation of state not 
to far from the current bounds and, therefore, possibly 
observed with the forthcoming experiments. In partic¬ 
ular, if ic -|- 1 is close to the maximal value allowed by 
observations the coincidence would only be at the level 
of 1/10 while u> -I- 1 ~ 0.01 would represent a 1/30 level 
of coincidence. 


III. CONCLUSION 


In this work we studied in detail the fate of the 
Universe assuming that the current accelerated stage is 
driven by a scalar field in a linear potential. The case 
of a linear potential is of great interest because of its 
predictive dynamics, quite insensitive to the initial con¬ 
ditions, but also because a small mass of the field can 
be made technically natural. Generically, a scalar field 
in a linear potential and in an expanding Universe will, 
at some point, dominate the energy density and drive a 
period of dark energy followed by a bounce and, finally, 
a crunch. We have derived analytical expressions for the 
scalar field and the scale factor during these epochs. This 
allowed us to estimate the time duration of the several 
stages as a function of the mass of the field. The ana¬ 
lytical expressions are in good agreement with the nu¬ 
merical results, in particular, the collapsing time esti¬ 
mation in Eq. ([T^. The accuracy of our expressions 
increases for smaller masses while for masses close to the 
largest values allowed by observations there is a larger er¬ 
ror because the slow-roll dynamics is no longer the best 
description for the scalar field. From the expressions de¬ 
rived in the three relevant stages we derived our main 
result, Eq. (23), where we predict the age of the universe 


for a given observed value of the equation of state w. 
Our expression is accurate for smaller masses although 
it underestimates the age of the Universe for the largest 
masses compatible with observations. The present ob¬ 
servational constraints of w -I- 1 < 0.1 enforces that the 
doomsday does not happen in the next 56 billion years. 
Finally, we also compute how the linear potential ad¬ 
dresses the coincidence problem by computing the ratio 
between the time the Universe was accelerating and its 
total age (see Fig. (§)• We find a 1/10 level of coinci¬ 
dence for w -I-1 ~ 0.1, which is very reasonable, and 1/30 
for iy-|-l ~ 0 . 01 , which although acceptable is border line 
to what we would consider a solution to the coincidence 
problem. Therefore, a solution to the coincidence prob¬ 
lem prefers a more dynamical dark energy stage with a 
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value of ui + 1 possibly observed by future experiments. 
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